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Trigonometric tables before Rheticus

As told by Gerhardt in his history of mathematics in Germany, Peuerbach (1423–1461)
and his pupil Regiomontanus (1436–1476) [36, 47, 87] woke up the study of astronomy
and built the necessary tables [38, p. 87]. Peuerbach was the one who replaced Ptolemy’s
chords with the sines from Arabic mathematics, and Regiomontanus calculated tables of
sines for every minute of arc for radiuses of 6000000 and 10000000 units.

1.1

Sine tables

The first table of sines seems to have been printed in 1490, as part of Regiomontanus’
Tabulæ directionum profectionumque [55].1 It was only 30 pages long and gave the sines
for every minute and to a radius of 60000. According to Folkerts, this table was probably
computed before 1463–1464 [36, p. 234]. Most of the tables published during the 16th
century are ultimately based on this table or on other tables constructed by Regiomontanus.2
Next came Peter Apian (1495–1552) who published his Introductio geographica in
1533 [4]. The same table was republished in 1534 in Apian’s Instrvmentvm primi mobilis [5]. This table was only nine pages long and gave the sines of all minutes in the
quadrant, with a radius of 100000 and to five decimal places. It was based on Regiomontanus’ tables [40, pp. 173–174].
A more extensive table of sines, also by Regiomontanus, was published in 1541 in
Peurbach’s Tractatus super propositiones Ptolemæ etc. [81]. This table was then again
published in 1561 in Regiomontanus’ De triangulis. Regiomontanus’ tables published by
Peurbach were in fact his “large” tables. Regiomontanus gave two large tables, one for a
ratio of 6000000 (probably computed around 1465 when Regiomontanus was in Italy [36,
p. 234]) and one for a ratio of 10000000, computed in 1468 [36, p. 234]. Sines were given
for every minute.

1.2

Tangent tables

Regiomontanus’ Tabulæ directionum profectionumque [55] also contained a short table
of tangents (but not under that name), only to every degree, and to a radius of 100000
and later reproduced by several authors [40, pp. 180–181]. The tables of tangents were
computed from the tables of sines, by mere division.

1.3

Secant tables

Regiomontanus did not compute tables of secants. There is however a handwritten table
of secants by Copernicus [40, pp. 190–192].
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We have only examined the 1584 version, but the content is presumably the same as in 1490.
The best overview of the history of the tables of Regiomontanus is found in Glowatzki and Göttsche’s
survey [40], to which this section is much indebted.
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Rheticus (1514–1574)

Georg Joachim was born in 1514 in Feldkirch (Austria) in what was formerly the Roman
province of Raetia, from which the name Rheticus is derived. His father was a doctor.3
After studying in Zurich from 1528 to 1532, Rheticus went to Wittenberg to complete his
education. Wittenberg was then the center of the sciences. He obtained his doctorate in
1536, went to Nuremberg and Tübingen, then was called back to Wittenberg as professor
of mathematics in 1536, along with Erasmus Reinhold. In 1539, he went to Frauenburg
in order to assist Copernicus and pushed him to publish the details of his theory.
The first account of the Copernican system was not published by Copernicus, but in
Rheticus’ Narratio prima in 1540 [57, 66, 12, 10, 11, 13, 14, 76]. In fact, Rheticus was
more zealous than Copernicus, insisting on the physical truth of the motion of the earth.
Rheticus’ books were condemned by the catholic church in 1550 and put on the Index
Expurgatorius, and this condemnation applied to his works on trigonometry. As observed
by De Morgan, this severity was not so remarkable, if we remember that Rheticus held
the chair of mathematics at Wittenberg, where Luther had taught theology [28, p. 518].
Rheticus resumed his teaching in Wittenberg in 1541 and in 1542, Copernicus’ De
lateribus et angulis triangulorum [23, 73] was published in Wittenberg. This short treatise
on trigonometry contains a table of sines for every minute of the quadrant and for a radius
of 107 . The sines were given to seven places, over 36 pages, with the first half of five
consecutive degrees on one page, and the next half on the following page. The table also
gave the cosines, although this name did not exist then. The sine headings were on the
top and left column, and the cosine headings on the bottom and right column. Finally,
this table had a column for the differences. Stamm thought that Rheticus was the real
author of the table [73, p. 156], but it does in fact appear that the table was copied from
Regiomontanus’ works [40, p. 151].
Copernicus’ De Revolutionibus (1543), whose printing was partly overseen by Rheticus, contained the same chapter on trigonometry, but with a simpler table [24, book 1,
chapter 12, ff. 15–19]. The sines were only given every 100 and for a radius of 100000.
This table is also copied from Regiomontanus’ works [40, pp. 178–179].
In 1542, Rheticus went to Nuremberg and Philip Melanchton [82] then helped him to
obtain a position at Leipzig University where he remained from 1542 to 1551. Rheticus
had to leave Leipzig after being accused of homosexual conduct and went to Prague in
1551. He gave up his academic career and completed his medicine studies. He settled in
Cracow in 1554 where he practiced medicine. Cracow was located on the same meridian
as Frauenburg and Rheticus had a 15-meter obelisk erected near the city for astronomical
purposes which were never completed [21, p. 9], [86]. Rheticus died during a visit in
Košice, now in Slovakia, in 1574.

3

Rheticus’ first table (1551)

Rheticus published his first trigonometric canon, the Canon doctrinæ triangulorum, in
1551 in Leipzig [58]. This table gave the six trigonometric functions at intervals of 100 ,
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For extensive biographies of Rheticus, see Burmeister [20, 21], Kraai [50], Danielson [26], and SchöbiFink [72].
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semi-quadrantically arranged. Each function was given to 7 places, or more exactly as
integers for a radius of 107 . This is a very rare table, and it was practically unknown
when De Morgan happened to find a copy of it in the 1840s [29, 28].4
Rheticus was the first to provide a uniform treatment of the six trigonometric functions. He was in particular the first to publish a table of secants.5 Rheticus only computed
two thirds of his table. The table of sines was taken from Regiomontanus [40, p. 152],
but the tangents and secants were recomputed from the sines [40, p. 193]. Rheticus had
therefore to compute about 1080 ratios (90 × 6 × 2).
Rheticus did not consider angles in circles, but considered triangles of which one of
the side was constant, and he gave the lengths of the other sides as a function of the
angle at the center. The name of “sine” was not used by Rheticus, nor those of tangent
and secant, the latter two having not yet been introduced.6 The sides were called “base,”
“perpendicular,” and “hypothenuse.” The tables span 14 pages, with 7 degrees on each
double page. The last double page is not totally filled, with only the degrees 42 to 44.
Each double page is split in three groups of two columns. The first group (hypothenuse
= 107 ) gives the sines and cosines, with their differences. The second group (base = 107 )
gives the secants and the tangents. And the third group (perpendicular = 107 ) gives the
cosecants and the cotangents.
The heading of the tables means “Canon of the doctrine of triangles in which in a
plane triangle with right angle 107 parts are taken for 1) the (side) subtending the right
angle, 2) the greatest of the two sides including the right angle, and 3) the smallest of
the two sides including the right angle” [15, p. 13].
The structure of the table was first described by De Morgan [29, 28]. A similar layout
was used in Rheticus and Otho’s Opus palatinum [59].7
The 1551 canon has been reprinted in 1565 in Basel [40, p. 185].8
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Rheticus’ heirs

After Rheticus’ 1551 table, other authors such as Rheinhold in 1554 [56], [40, pp. 152–
153], or Fincke in 1583 [34], still continued to give simpler tables based on Regiomontanus’
tables, but some authors were directly influenced by Rheticus. The first of them was
Francesco Maurolico.
4

A copy of the Canon is available on google books (id: IAw8AAAAcAAJ).
In 1819, Delambre, unaware of Rheticus’ 1551 table, still wrote that Viète was the first to put
together all these functions in 1579 [31, p. 456].
6
It was Thomas Fincke who in 1583 first used the names “tangent” and “secant” [34, 30]. See also [39,
p. 42].
7
De Morgan considers that the semi-quadrantal arrangement of the tables finds its roots in Rheticus’
three cases of triangles. In the first case, the greatest side of the triangle is the cosine, and the smallest
side is the sine. The divisions would not have been the same if Rheticus had given the sines for the whole
quadrant. Rheticus’ arrangement led to consider the duality of sine and cosine, tangent and cotangent,
and secant and cosecant [28, pp. 523–524].
8
De Morgan wrote earlier that it had been reprinted in 1580 [28, p. 521].
5

5

4.1

Maurolico (1558)

In 1558, Francesco Maurolico (1494–1575) published his commentary on the spherics of
Theodosius [52]. This commentary contained short tables of sines, tangents and secants,
probably inspired by Rheticus’ table [80, vol. 1, p. 151], but in part recomputed directly
using Regiomontanus’ original tables of sines.

4.2

Viète’s Canon mathematicus (1579)

Also inspired by Rheticus’ table [44], François Viète (1540–1603) constructed a new table,
which he called the Canon mathematicus [79]. The printing of the table was started in
1571 but it was only completed in 1579 [74, p. 205].
The Canon mathematicus contained a typographically sophisticated table of the six
trigonometric functions for every minute of the quadrant and with a radius of 100000,
with sometimes one or two additional figures (figure 1) [44] [31, pp. 455–456]. This was the
first published canon giving the trigonometric functions every minute, but on the other
hand it gave them to less places than Rheticus’ first table. Viète took the sines from
Regiomontanus, except for some parts which have been recomputed [40, pp. 154–155].
The tangents and secants were recomputed from Regiomontanus’ values [40, pp. 189,
196].
As observed by Tannery, if Viète’s tables are rare it is because of the success of Rheticus’ Opus palatinum (1596), of Pitiscus’ Thesaurus mathematicus (1613), and because of
the introduction of logarithms (1614). They all made Viète’s tables obsolete.
A persistent legend is that the Canon mathematicus contained many errors, and that
Viète consequently withdrew or re-purchased all the copies he could find and had them
destroyed. This would then explain why this book is of great rarity [33] [22, pp. 583–
584]. But according to Ritter’s biography of Viète [62, p. 54], this legend rests on the
editor of Viète’s 1646 Opera omitting the Canon mathematicus, on the grounds that the
computations would have to be redone [74, p. 208] [75].
The Canon mathematicus was also published with a London imprint in 1589 (Opera
mathematica, London: Bouvier) and there is an edition dated 1609, but Bosmans showed
that it is not a reprint. It is the 1579 edition rebound [18, pp. 111–114] [17, pp. 297–298].
Cantor and von Braunmühl had mistakenly thought that it was a new edition [80] [22,
p. 583], probably after Eneström led them to think so [33].

4.3

Otho’s Opus palatinum (1596)

After the publication of the 1551 canon, Rheticus continued to work on a more extensive
project, where the six trigonometric functions would be given every 1000 and for a radius
of 1010 . This work was only completed after Rheticus’ death by Lucius Valentinus Otho
and published in 1596 [59, 64].
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Structure of the tables and recomputation

In addition to the tables described above, Rheticus’ book contained a cover page, an
introductory poem, and six pages of explanations which are not reproduced here. The
6

Figure 1: A page from Viète’s Canon mathematicus (1579). This page gives (from left to
right) the sines, cosines, tangents, secants, cotangents, and cosecants for angles from 4◦
to 4◦ 300 and from 85◦ 300 to 86◦ . (Source: http://www.christies.com, book auctioned
on June 17, 2008 in New York)
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original tables used two colors, and there are some overlaps between the red and black
figures. Viète’s tables also use two colors but their layout is much more successful.
Some values were omitted and we have added them in our reconstruction. The sine,
secant, and tangent values for 0◦ , as well as the first difference of the tangents, were given
as “.....” or “........,” and the value of the last cosecant of the table was merely left blank.
Rheticus’ tables were recomputed using the GNU mpfr multiple-precision floatingpoint library developed at INRIA [37], and give the exact values. The comparison of
our table and Rheticus’ will therefore immediately show where Rheticus’ table contains
errors.
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