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August Leopold Crelle (1780-1855) was a German mathematician and construction
engineer. He was self trained and was granted a doctorate in mathematics for a thesis
submitted in 1815. He was also the architect of the first railway line in Prussia in 1838.
He is now most famous for having founded the Journal fiir die reine und angewandte
Mathematik in 1826, but he also published several mathematical treatises and textbooks,
as well as works on railway engineering and railway economics. Among other things, he
also published several mathematical tables, which are the subject of interest here.

Figure 1: August Leopold Crelle (1780-1855) (source: Wikipedia)

Figure 2: The street named after Crelle in Berlin. (Photograph by the author, 2012)



1 Crelle’s first tables

Crelle’s first large tables were his Rechentafeln |7| published in 1820. They were a major
step forward in the development of extended multiplication tables. Apart from Herwart’s
table, this was the first widely distributed table giving products up to 1000 x 1000.

Then in 1836, Crelle published his Erleichterungstafel (“simplification table”) [8],
which gave the products of all numbers up to 10 millions by 2, 3, ..., 9.

2 Crelle’s tables of factors and primes (ca. 1830—-1840)

It was probably in the years 1830-1840 that Crelle worked on factor tables and completed
the list of factors of the numbers of the fourth, fifth and sixth millions, after Burckhardt’s
initial work on the first three millions [4]. Indeed the Abhandlungen of the Academy of
sciences in Berlin for 1833 mention that Crelle obtained during that year a support of
300 Reichsthaler for the computation of the primes in the fourth million.!

Crelle’s tables were certainly completed before 1842, since an excerpt giving the primes
in the first six millions is kept at the Berlin Academy of Sciences and is dated 1842 [9].
This volume is of approximate size 43 cmx34 cm and contains 596 pages, of which only
the 298 recto sides have been completed. Each page is a preprinted form which has been
filled by hand. At the beginning of the table, the first page of a projected printed version
is inserted. This page covers the interval from 1 to 10000.

The tables of factors were deposited in the Archives of the Academy of sciences in
Berlin, but we were unable to find them.? They may still be located within other archives,
or they have been lost. Another possibility is that they were at some time borrowed and
not returned.

All that we know of Crelle’s tables of factors is that they were said to be too inaccurate
to publish, but we can not conclude on this matter. Eventually, in 1855, Crelle described
other methods for computing factor tables [10].

Plans to publish the table of factors seem to go back at least to 1842. Indeed, in a
letter written by Gauss to Heinrich Christian Schumacher on 25 January 1842, Gauss
expressed the wish that “a table of factors from 3000000 to 6000000, whose computation
was led by Crelle and of which he gave the manuscript to the Academy of Berlin, will be
printed” [23, p. 53-55]. Gauss writes that Crelle had been in Gottingen six months earlier,
but that Gauss forgot to raise this matter with him. Gauss then asked if Schumacher
could relay this wish to Berlin.

A few years later, on 23 November 1847, Carl Gustav Jacobi wrote to Peter Andreas
Hansen about some calculation work which might be given to Dase and added that “tables
of factors for the fourth, fifth, sixth millions lie here unprinted” |22, p. 440]. Interestingly,
in the same letter, Jacobi obviously mentioned Kulik when he added that “a Mr. K. even
proposed to me to compute them up to 25 millions, without compensation, provided they
are printed.”

Y In diesem Jahre wurde dem Herrn Geh. Ober-Baurath Crelle zur Berechnung der Primzahlen von
der Jten Million an eine Unterstiitzung von 300 Rthlr. bewilligt.” [1, p. 1v].

2The table of primes was examined on April 18, 2012. We thank the staff of the Archives of the
Academy of Sciences for their help in making Crelle’s Nachlass available for consultation.



As described by J.W.L. Glaisher, Gauss always took the greatest interest in factor
tables. He made enumerations from the tables of Lambert, Vega, Chernac and Burck-
hardt [19, pp. 128-130]. In a letter to Encke dated 24 December 1847, Gauss wondered
whether Dase could be asked to count the primes in the manuscripts of the tables com-
puted by Crelle (therefore ignoring that Crelle had prepared such an excerpt).

Then, in 1850, Gauss wrote to Dase about the importance of computing the factors
for the four millions from 6 millions to 10 millions, given that Crelle had computed the
fourth, fifth and sixth millions.®> Gauss mentioned the tables that Crelle gave to the
Academy of sciences “several years ago.”

During the 1850s and early 1860s, it was still thought that Crelle’s tables would be
printed, and this is the reason why Dase started at 6000000 |12, 13, 14|. But little by little,
it became clear that Crelle’s tables were not going to be printed. In 1877, Arthur Cayley
wrote for Glaisher to the Academy of sciences in Berlin and Ernst Kummer, who was the
secretary of the mathematical section of the Academy, answered that Crelle’s manuscripts
had been examined, and that they were found so inaccurate that the publication would
never be advisable [19, p. 130]. This then prompted Glaisher to start working on the
fourth million in 1878. With help supplied by a grant, he filled the gap and published
the three remaining millions between 1879 and 1883 [15, 16, 17].

3 Structure of the tables

The layouts of both tables are similar, but the printed table seems to start a new page
for every 10000 interval. In the manuscript table, each form has 60 lines and 96 columns.
The columns go three by three and actually allow for 32 columns of numbers. Only the
last two digits of a prime are given, and when a new hundred is started, the digits of
the thousands and hundreds are given in place of those of the prime, and preceded by
an asterisk. For instance, on the first three columns of the first page, we can read the
numbers 1, 3, 5, 7, 11, 13, 17, ..., which are the first primes. After 97, we have x 1
in the manuscript, and * 1 in the printed version. This is followed by 01, representing
therefore the prime 101. An asterisk line never appears on the last line of a form, and if
that might have happened, then the start of that line is moved to the next column.

The numbers of tens of thousands are given at their beginning, which is always on the
top of a page. For instance, on the first page, the column starting the range 10000-20000
contains first a large 1, then x00, then 07, representing the prime 10007. During the first
48 pages, columns are filled continuously, with only minor exceptions, but from 1 million
to the end, the pages only cover a range of 20000. After one million, the number of
millions is given at the top of the pages. Finally, the ranges of 10000 are also given on the
first line of the table. The anomalies concern the end of page 19 where the range 370000
380000 should have started, but was moved to the next page, and similar changes on page
27 and 39. Finally, when the first million starts on page 49, the original manuscript forgot
to put a large 00 in the first 2 x 3 cells, and we have put it, although it will complicate
a little comparisons between the manuscript and the reconstruction.

3Gauss’ letter is reproduced in the preface of Dase’s seventh million [12].



4 Reconstruction and accuracy

4.1 Reconstruction

We have reconstructed Crelle’s manuscript table of primes for the first six millions as well
as how Crelle’s table might have looked when printed, according to an extrapolation of
the one-page excerpt inserted at the beginning of the manuscript table.

We took care of some small details, in particular some idiosyncrasies mentioned above.
In general, we have tried to be as close as possible to the original table. However, there
are some details that were not checked in the original table. There are for instance ten
intervals of one hundred without any prime in the range 1 to 6 millions. We have assumed
that Crelle did not write the number of hundreds in a cell in that case, but this should
be checked. These ten prime gaps missing a hundred are the following ones: 1671781
to 1671907, 2637799 to 2637911, 3117299 to 3117421, 3933599 to 3933731, 4640599
to 4640717, 4652353 to 4652507, 5178193 to 5178301, 5518687 to 5518817, 5837399 to
5837501, and 5845193 to 5845309.

For the projected printed version, we have had to extrapolate the entire table based
on the single page found at the beginning of the manuscript. We have assumed that each
printed page would cover a range of 10000, but ranges of 20000 would perhaps have been
used after some value.

4.2 Accuracy

The reconstruction made it possible to check the accuracy of Crelle’s table, at least on
some samples.

We have first checked the first and last value on the first 48 pages (first million) and
only two errors were found:

e at the end of page 6, the last cell is empty in Crelle’s manuscript, whereas it should
contain the value 105563; we presume that somewhere on the page one prime must
be missing;

e at the end of page 24, Crelle gives the value 476681, but it should be 476639;
presumably three primes have been forgotten on that page; the error carries over
to page 25 which starts with 476683; the last value of page 25 is correct, certainly
because the page starts two new 10000 intervals which do not carry over such errors.

We have then compared the list of primes from 3000000 to 3000600, from 3999000
to 4000000, and from 5998801 to 6000000, and we found no errors. We can therefore
conclude that, at least on these intervals, the lists of primes is correct. We can still not
conclude on the tables of factors, but we believe that Crelle’s tables were perhaps not as
inaccurate as has been written.
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Crelle s table of primes (1842) (reconstruction, 2012)
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Crelle s table of primes (1842) (reconstruction, 2012)
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